Abstract. This paper addresses the problem of frequency control in autonomous diesel-based power system with high penetration of renewables. Usually, small power systems with high penetration of renewable energies are supplied by one or two small diesel generators, resulting in a system with a relatively low moment of inertia, and which can be susceptible to significant frequency variations. However, frequency regulation can be supported by modifying the inertial response of the system in an artificial way, i.e., by adding a virtual inertia. The latter can be performed by controlling the power electronics interface of a distributed generator or an energy storage unit. In this work, a controller is designed to provide the optimal virtual inertia which minimizes, according to the proposed performance index, variations in the fundamental frequency as well as in the power flow through the energy storage system. The optimal controller is compared by simulations with other virtual inertia control strategies.
Introduction
Diesel generators (gensets) are very popular as main power source in stand-alone power systems. For instance, in autonomous wind-diesel power systems (AWDPS) [1] , the power grid is established by a diesel generator-which is a controllable source of energy-and a wind generator (WG) is used to complement power production when the wind turbine reaches a specific speed. With an appropriate control strategy fuel consumption can be reduced, lowering the cost of the energy produced. However, aside from reducing fuel consumption, there also exists the necessity of controlling the frequency of the voltage being supplied to the load. The latter is specially important in small power systems (10-200kW) with high penetration of renewable energies [2] , [3] . Usually, this kind of grids are supplied by one or two small gensets, resulting in a system with a relatively low moment of inertia, and which can be susceptible to significant frequency variations due to sudden variations in load demand and/or in the output power of a renewable energy source.
Virtual synchronous machine/generator (VSM, VISMA, VSG) is a novel concept and it has been proposed as a control strategy to tackle stability issues in power systems with a large fraction of inertia-less distributed generators [4] - [9] . The main idea is to control the power electronics interface (PEI) of a distributed generator, or energy storage unit, in order to behave as a conventional rotating generator, which consists of a prime mover and a synchronous machine [10] . Virtual inertia control is a particular case of a VSM implementation, where only the action of the prime mover is emulated to support frequency control.
A. Interest of the work
Since the fundamental concept of VSMs was formally introduced, it has been subject of several publications. Most of the research deals with specific issues on the implementation of VSMs such as: the necessary requirements of the PEI to perform a VSM [11] , selection of the storage media [12] , and laboratory prototypes for experimental tests [13] . The most recent literature related to VSMs found on the IEEE database has been reviewed and, to the best of our knowledge, no research work has been reported concerning optimal control. B. Objectives 1) Main objective. Design an optimal controller for the ESS in order to emulate a virtual inertia to support frequency control in a diesel based power system.
2) Secondary objectives. i) Model main components of the system, ii) Compare the performance of the optimal controller versus other virtual inertia controllers, and iii) analyze the effects on the ESS of using the optimal controller.
C. Main contribution
The optimization of the virtual inertia controller with the performance index being the integrated sum of the weighted quadratic regulating errors (QRE) of the power frequency and the power flow through the ESS.
System overview and modeling
The system of this study is an autonomous power system based on a diesel generator and a wind generator connected in parallel (see Fig. 1 ). It also has an energy storage system which is interfaced to the ac-bus by a bidirectional power electronics interface. power balance of the system is governed by the following equation:
A. Load
The load represents the uncontrolled end-user power demand and it is considered as a disturbance signal p l .
B. Wind generator
The WG used in this work is a fixed-speed fixed-pitch (FSFP) configuration. Main advantages of this configuration are its simplicity and the robustness of the squirrel cage induction generator (SCIG). On the other hand, the main disadvantages comes from the fact that the SCIG operates over a narrow range around the synchronous speed. More details about this configuration and comparisons with other conversion schemes can be found on [14] . The modeling of the WG is based on equations presented in [3] . A conceptual block diagram of the model is shown in Fig. 2 and each of its components are herewith explained.
1) Wind speed. Wind speed, v w , is defined by four components:
where, V wb is the base wind component, v wr the ramp component, v wg the gust component, and v wt the turbulence component. The ramp component is defined as:
the gust component as:
where ϕ = 2π(t − t 1g )/(t 2g − t 1g ). Finally, the turbulence component is defined in terms of its power spectral density (PSD): where ω k = (k − 1/2)δω and φ k = rand(0, 2π) are the frequency and phase of the k-th cosinusoidal component, and S(ω k ) is the spectral density function defined as:
2) Wind turbine. The model of the wind turbine consists of two elements: a first order system (7) which represents the filtering of the high frequency components in the wind speed by the turbine, and the output power equation of the wind turbine (8) .
where, τ w is the time constant which depends on the turbine size, v wf is the filtered wind speed, ρ is the air density, R wt is the radius of the turbine rotor, and c p (λ) is the performance factor of the turbine given by:
with λ being the tip speed ratio:
where ω wt is the rotational speed of the WT. Coefficients c 1..5 are defined later to fit the characteristic curve of the turbine of interest.
3) Transmission system. The transmission system consists of the high speed shaft (IG side) and the low speed shaft (WT side) connected together by a gear box. The model considered is the following:
where, J w is the lumped inertia of rotating parts, N gb is the conversion ratio of the gear box, T wt the mechanical torque of the turbine, T ig the electromagnetic torque of the induction generator, and ω rig is the rotor speed of the induction generator. Now, the rotational speed of the WT can be defined as
4) Induction generator. The proposed model for the IG is based on the fact that the generator operates in a small https://doi.org/10.24084/repqj09.510 region around the synchronous speed ω sync [15] , then the torque can be approximated by:
where, V t is the terminal voltage, R 2 is the rotor resistance, and ω sync is the synchronous speed.
C. Diesel generator
The diesel generator model consists of two main components coupled by a common shaft: the synchronous generator (SG) and the diesel prime mover. Due to the scope of this work, the electrical dynamics of the SG are neglected. Also, in order to focus the study on frequency variations, it is assumed that the amplitude of grid voltages are kept constant by the automatic voltage regulator (AVR) of the SG. Therefore, the proposed model for the diesel generator and its governor can be represented by the following equations:
where ω r is the SG rotor speed, u e is the control signal from the speed regulator (governor) to the fuel injection system, T m is the mechanical torque provided by the diesel engine at the common shaft, and T e is the electromechanical torque produced at the common shaft due to the active power balance of the grid (1). The system has the following parameters: J the lumped inertia of rotating parts, k f the friction coefficient of the shaft, k d the SG damping torque coefficient, τ e and k e the fuel injection system time constant and gain, t d the engine dead time which represents the elapsed time until torque is produced at the engine shaft, and k c the speed regulator gain (see block diagram in Fig. 3 ).
D. Energy storage system
The ESS consists of two main components: the PEI and the storage media. The PEI is a two-level VSC and the storage media is considered as an ideal dc voltage source, V dc , connected to the dc-bus of the VSC. If the abc-dq transformation is perfectly synchronized with grid voltages, the output active power flow can be defined as:
where V d and i 
where, k si is the current controller gain, and i Fig. 3 ). For more details on the modeling and control of a VSC, refer to [16] .
Optimal virtual inertia control

A. Virtual inertia concept
If the active power through the PEI of the ESS is controlled in inverse proportion to the derivative of the grid frequency, we are emulating a virtual inertia in the power system, thus enhancing the inertial response to changes in the power demand. Then, the control law for the active power of the VSC will be:
where k r = 4π/n p is the conversion factor between rotor speed and grid frequency with n p being the number of poles of the machine, k vi is the virtual inertia added to the system, and f o is the nominal grid frequency (see block diagram in Fig. 3) .
B. Optimal controller
Instead of being constant, the virtual inertia k vi can be designed to be optimal for a given design specification. In order to find such optimal value, we will use the deterministic linear quadratic regulator (LQR) approach. For details on the theoretical framework and mathematical derivations related to the LQR problem refer to [17] - [19] . For the design of the optimal controller, consider the system in the form:
with a = −(k d + k f )/J and b = 1/(Jω ro k r ). The general formulation of the LQR problem requires to define a mathematical performance criterion, often called performance index or function cost. Then, the proposed performance index is defined as the integrated sum of the weighted quadratic regulating errors of the grid frequency and the ESS power (22). By doing this, we are looking for minimizing the frequency variations, but since this is accomplished by the PEI of the ESS, at the same time we penalize-by means of the weighting factor α-the amount of power flowing through the ESS. The expression for the performance index is:
where α is the weighting factor. Therefore, the control input which minimizes I is defined as: with F being the positive solution of the stationary form of the Riccati equation:
Finally, from (23) the optimal virtual inertia can be defined as:
where the factor
has been defined to simplify the notation. The surface of Fig. 4 represents the optimal values of k vi , with γ = 1, 5] . Fig. 4 can also be used to understand how the optimal controller operates, e.g., Fig. 5 shows the plot of k vi (γ = 0.5, 1, 2) when ∆f > 0 and ∆f < 0. For the case when ∆f > 0: if ∆ḟ tries to increase, the optimal controller increases the virtual inertia to slow down the frequency excursion; and the opposite occurs when ∆ḟ tries to decrease. The same analysis can be done for the case when ∆f < 0. Fig. 6 shows the dynamic response of the controller for different values of parameter γ. From (26) it can be noted that the controller gain γ and weighting factor α are inversely related, i.e., a higher value of the controller gain γ will decrease the value of the weighting factor α in (22). The latter implies that, as γ increases, larger variations in ∆p s will be tolerated (see Fig. 7 ).
Performance verification
The optimal controller is compared with the following cases: i) no virtual inertia, k vi = 0; ii) constant virtual inertia, k vi =k vi ; and iii) a modified virtual inertia defined as:
The system is simulated for a 100s wind speed profile and a constant load demand. The wind profile consists of a wind gust at t = 20s followed by a positive ramp. All the parameters used in simulations are summarized in Tab. I, Tab. II, Tab. III, Tab. IV, Tab. V, Tab. VI, and presented in the appendix section. The simulated wind speed is shown on Fig. 8 . Fig. 9 shows the output power of the wind turbine, which is the result of its interaction with the wind and with the grid frequency, in this case. Fig. 10 shows the frequency variation in the system, for different conditions of virtual inertia. Finally, Fig. 11 shows the variations in the power flow of the ESS, which is the one that emulates the virtual inertia.
As can be seen from Fig. 10 , when the system is operated with constant inertia (k vi = 0 and k vi =k vi ) the inertial response is better at the beginning of the perturbation (less reactive to changes) but the oscillations last for longer time, since there is no additional damping in the system. At the same time, as the constant virtual inertia increases, the peak power through the ESS increases as well. The latter has direct influence on the necessary power ratings of the storage media and its power converter.
In the case when the system is operated with variable virtual inertia (k vi = k vi and k vi = k vi ) it is possible to say that the response is better than in the case of constant inertia. However, since control law (27) is piecewise constant, each change of condition represents a fast commutation from one power level to another, which becomes into an operational requirement for the storage device.
Compared with the proposed cases, the optimal controller presents a good performance in terms of, oscillation mitigation, peak frequency, and power consumption. For instance, consider Fig. 10 and the case of the optimal controller vs. control law (27): both operate within the power range [−7, 5]kW, however the optimal controller achieves almost 50% less in peak frequency deviation and it settles back at least 3 times faster. It also has the advantage of having just one parameter for tuning, γ. 
Conclusion
In this work, we presented the design of an optimal controller for the emulation of virtual inertia to support frequency regulation in a diesel based power system. The model of each main component of the system was developed. The performance of the optimal controller was compared with other controllers by simulation. The results show a good performance of the optimal controller in minimizing frequency variations, in exchange of power consumption/injection from/to the ESS. By adjusting only one parameter of the controller, it is possible to change its control effort, which has direct influence on the ESS power flow requirements. The possibility to include constraints in the formulation of the optimization problem, to satisfy physical limitations of the system, should be considered as future work. 
Appendix: simulation parameters
